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Varieties of BAOs — normal multimodal logics

Jonsson, Tarski, Kripke, . . .

° Boolean algelbras with additional operators that are

e hormal

e additive

F(...

,0,...) =0

F( ..

y+y,...)=f(..,x,...)+ f(-..5y,...

LIl normal propositional multimodal logics

e K-axioms and Necessitation rule for each O modality

e possible world (relational aka Kripke) semantics
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Canonicity

o [elehlelyllIe|Re IS\ N:YXOLF Closed under canonical extensions
(T yle]yl[ele[RpplelefelflleTe[[ed Vvalid in its canonical stfructures

o [LefilelyileIe|N=Ye[Mleiiloly] The variety it axiomatises is canonical

(Leplefyl[Te|R eIVl the modal logic it axiomatises is canonical

e Kracht 1999
canonicity of an equation/formula is an undecidable ‘semantical’ property

but: there are well-known syntactical descriptions resulting in
canonical equations/formulas
o Elehile\58 equations/formulas

. equations/formulas & la Coranko-\Vakarelov 2006
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Barely canonical logics/varieties

the logic | Ly, | axiomatised by | X
is canonical

all formulasin | 2 | are canonical —

there is a
canonical axiomatisation for | L — L | is a canonical logic

e Canonicity of a logic/variety can be shown without finding explicit axioms:

o elementarily generated logics are canonical
° logics of ultraproduct-closed classes are canonical

There are Jelel =)Ao hlolsiledel} |OQiCs/varieties:

e they are canonical, but
e every axiomatisation must contain infinitely many non-canonical axioms

FOR EXAMPLE:
Hughes logic, McKinsey-Lemmon logic
varieties of ‘non-relativised” algebras of relations: RRA, RCA,,, RDf,, forn > 3
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Dichotomy?

but, there are many well-known finitely Sahlqvist axiomatisable logics/varieties

is there anything “in between”?

e non-finitely axiomatisable, but
e axiomatisable by (infinitely many) canonical axioms ?

Sometimes [if5d

Kikot 2015 if is FO-definable by |Vzo3dx; ... Elzcn/\:ciRAa:j formulas then:

e either | Logic of (C) | is barely canonical,

e oOr |Logic of (C) | is axiomatisable by a single inductive formula

Sometimes
Eq(Crs,,) | cylindric-relativised set algebras

o Andreka-Nemeti non-finitely axiomatisable when n > 3
o [esek-Thompson axiomatisable by an infinite set of Sahlqvist equations

is there any variety of ‘non-relativised’ algebras of relations “in between”?
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Two-variable first-order logic with ‘elsewhere’ quantifiers

¢:= P(z,y) | P(y,2) |z=y|d1 A¢ps| 2| Tz |FFyo
for some binary predicate symbols P

M = Fz pla/z,b/y] iff o' #a ME ¢la’/z,b/y]
M £ Iy pla/x,b/y] iff A £b M E dla/z, b /Y]

Jx ¢ < (¢ V I7z9) Jy o < (¢ VIFy o)

The satisfiability problem is

e decidable Cradel-Otfo-Rosenl99/
e NEXPTIME-complete FPacholski-Szwast—Tendera 2000
e shorter proof with connections to integer programming Fraft-Harfmann 2010

‘restricted’ (equality and substitution-free) fragment:

¢:= Px,y) | p1A P2 | ¢ | TPz | Ty o
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Algebraisation: ‘strict’ diagonal-free cylindric set algebras

full (SRR set algebras: | 2 = (B(U x V), CZ,CT)
forevery X CU x V,

C7 (X) = {(u,v) : /(v # uwand (uv,v) € X)}
C7(X) = {(u,v) : (v # vand (u,v’) € X)}

Ci(X) = X UC7(X)

full eI set algebras: | 2 = (B(U x U),C§,CY)

e sRdf, = SP{full rectangular set algebras} and
sRdf;? = SP{full square set algebras}

are (different) discriminator and canonical varieties

e |Eq(sRdfy)| and |Eq(sRdf3?)| are decidable ~» re.

~» |let’s try to axiomatise them
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Our results: sRdf, and sRdf3? are canonical varieties “in between”

— |Eq(sRdfz) ~ Logic_of(Rectangles)| is not finitely axiomatisable

+ but it has an infinite axiomatisation by Sahlqvist equations/formulas

— |Eq(sRdfi?) ~ Logic_of(Squares)| is not finitely axiomatisable over

Eq(sRdf;) ~ Logic_of(Rectangles)

+ butit can be axiomatised by adding infinitely many
Sahlqvist equations/formulas

Contrast: ‘restricted’ two-variable fragment (without “elsewhere’ quantifiers)

e Eq(Rdf;) = Eq{rectangular set algebras} = Eq{square set algebras}
has finite Sahlqvist axiomatisation Df,:
two commuting complemented closure operators
e Eq(Rdf,) is finitely axiomatisable over both Eq(sRdf;) and Eq(sRdf:?)
just add x < ¢;i(x)
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(Il rectangle:

Axiomatisation basics: ‘grids’ (of bi-clusters)

U x V with two ‘coordinate-wise #’ relations:

(ul,v)(uz,v) iff wy # uo (u, vl)('u,, vg) iff vy # vy

e Simple equationally (Sahlqvist) expressible properties of rectangles:

SDf2:

x < —ci(—cix)
cicix < x + ¢;x

CoC1L = C1Co

o m ‘rooted’

sDf, atom structure

two commuting pseudo-equivalence relations
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Axiomatisation basics: ‘grids’ (of bi-clusters)

° U x V with two ‘coordinate-wise #’ relations:

(uq, v)(u2,'v) iff wy # uo (u, 'vl)('u,, vg) iff vy # vy

e Simple equationally (Sahlqvist) expressible properties of rectangles:

two commuting pseudo-equivalence relations

sDfy: < —c¢i(—cix)

cicix < x + ¢;x
CoC1L = C1Co
o m ‘rooted’
sDf, atom structure

Agi Kurucz — Alfréd Rényi Institute of Mathematics, Budapest, September 2022 8




rectangle:

Axiomatisation basics: ‘grids’ (of bi-clusters)

(uq, 'v)(uz,'v) iff wy # uo

U x V with two ‘coordinate-wise #’ relations:

(u,

vl)('u,, vg) iff vy # vy

Simple equationally (Sahlqvist) expressible properties of rectangles:

two commuting pseudo-equivalence relations

sDf,:

x < —ci(—cix)
cicix < x + ¢;x

CoC1L = C1Co

o m ‘rooted’

sDf, atom structure

for every finite grid §,

Cm§ € sRdf, iff §is ap-morphic

image of a rectangle

Cm§ € sRdfy iff Fis ap-morphic

image of a square

888
88

s8 8888

83

8888
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Ry-reflexive, R;-irreflexive
Ry-irreflexive, R, -reflexive
both-irreflexive
both-reflexive



Non-finite axiomatisability

Forevery k < w there are two finite grids:

o®) 0 (06)
oe oe oe o®
© P k41
k : k—2 k—2
oe oe) oe o®

. is not a p-morphic image of a rectangle
° is a p-morphic image of a square

if 2m+1 < k then with m variables we can’ttell §, and &, apart

neither Eq(sRdf;) nor Eq(sRdf5?)
can be axiomatised using finitely many variables
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Explicit axioms via representation game

Hirsch-Hodkinson 1997a

e step-by-step build for countable algebras in RA, CA,,, Df,,

e can be described as a game |G, ()

e "I has awinning strategy” <= (infinitely many) | universal formulas|

e discriminator varieties ~»

e are all these axioms canonical?

same technique can be used to obtain explicit (infinite) axiomatisations

for ILIENIPY] and LLTERL] Y

2 is representable iff

between V and 3:

3 has a winning strategy in G, ()

equational axiomatisations

NO, whenn > 3

| are these axioms canonical?? |
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Canonical axioms via complete representation game?

Hirsch-Hodkinson 1997b

o step-by-step build el EIENE I EEE I felile] B fOor countable atom-structures
(for RA, CA,)

e same technique can be used for sDf,:

can be described as a game |G, (F) | between V and 3, step-by-step
building homomorphisms from larger and larger to §

§ is a p-morphic image of a rectangle | iff | 3 has a winning strategy in G, (¥)

can we describe this with canonical equations/formulas??
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Axioms for elementarily generated logics via hybrid logic

Hodkinson 2006
elementary class of relational structures

}

I1(C) FO pseudo-equational theory of C

‘ algorithmic

P, = {19 : 0 € TI(C)} — set of pure hybrid formulas
‘ algorithmic

PIFS = U Y, — set of ‘'modal approximants’

LEDe

Logic_of (C) = modal logic axiomatised by X4,

not necessarily canonical axioms
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So how do we get a canonical axiomatisation?

Chaa = {&F : & is a countable grid

that is not a p-morphic image of a rectangle}

For every |§ € Craa| We define a Sahlqvist equation

e |z | isvalidin every rectangle

o [—p5 | is satisfiable in

~ |sRdfy:| |[sDf, | +

PF
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for all

wz | such that

& € Cbad
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‘Finitary Sahlqvist reason’ oz from a (possibly infinite) §?

There can be two kinds of reasons for a grid being bad:

o either contains a finite bad bi-cluster
(that itself is not a p-morphic image of a rectangle)

e orcontains no such ~»  {lgl=le[®eTela ) [{o]131 B3 (=10y :

e we consider the columns and rows in as variables
e constraints come from the fact that the sizes of the rectangular p-morphic
preimages of bi-clusters must ‘match’

but

has solution Sl good| no solution [BNS bad |
o® o0 o® o0
o) o |4 e o0
o] P+ oo P+
o) P+ P+
O | 4 [ O]
o o0 o o®
8 4

I‘S

contains a finite ‘contradictory chain’ of constraints
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Sahlqvist axiomatisation for sRdf3? is much more complex

sRdf3?:| sRdfy+

D inductive equations felcNeiqleligleRialels
if £|isasolutionof [T then | > &(x) = > &(y)
T Yy

o the ‘elsewhere’ operations are
~»  Goranko-Vakarelov 2001
inductive equations are axiomatically equivalent to Elelhlle\i5§ equations
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